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All groups in this paper are assumed to be finite and all representations 
are over the complex numbers. If H is a linear group of degree n and G is a 
linear group containing H as a normal linear subgroup then we say G is an 
extension of H. We are concerned with what we can deduce about G from H. 
Our main result will be to derive hypotheses on H which guarantee that a 
Sylow p-subgroup (written S,) of G is normal in G and is Abelian. By a 
result of Feit and Thompson [2], we know that n < Q(P - 1) is one such 
hypothesis. We show: 
THEOREM. Let H be an irreducible linear group of degree n which has a 
normal Abelian q-complement for some prime q. If p # q is a prime such that 
p>n/q+landp~nfl,theninanyextensionGofH,anS,ofGisnormal 
and Abelian. 
In proving the theorem we obtain some results which are also useful in 
deriving other properties of linear groups. We shall refer to these in future 
papers and therefore some of the statements are slightly more general than is 
necessary for the present work. 
1. We begin by defining a certain field automorphism. For each positive 
integer n, choose a primitive nth root of unity 8, . Put F, = Q&J, the field 
obtained by adjoining 8, to the rationals, Q. F,, is a normal extension of Q 
independent of the choice of 8, . Viewing each F,, as a subfield of the 
complex numbers, F = & Fi is a field. Now fix a prime p # 2. We shall 
construct an automorphism u = o(p) of F such that u has order p - 1 and 
fixes every root of unity of index prime to p. 
(1.1) PROPOSITION. Let G, be the Galois group of F, over Q. If p ) n, G, 
has a unique subgroup which is cyclic of order p - 1 each of whose elements 
jkes every root of unity in F,, with index prime to p. 
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Proof. First consider the case n = p a. Here G, is Abelian and its order 
1 G, 1 = pa-‘(p - 1). It suffices to show that G, has an element of order 
p - 1 to show both existence and uniqueness. Now F, C F,, and G, z 2,-r 
is a homomorphic image of G,, which, therefore, does contain an element 
of order p - 1. 
Now consider the general case where n = pam and (m, p) = 1. It is clear 
that the compositum of F,, and F, is F, . Since F,, n F, = Q, we conclude 
by the theorem on natural irrationalites that the restriction map from G, 
the Galois group of F, over F, is an isomorphism onto G,, . Thus G has a 
unique cyclic subgroup of order p - 1 and the result follows. 
Now fix n = Pam, (m, p) = 1 and fix a generator (T of the cyclic subgroup 
of G, given by the proposition. Put E = a,, . Then U(C) = es where 1 < s <pa. 
Hence U’(C) = 8 and we have sa-l = 1 mod p” and su f  1 mod pa for any u, 
o<u<p-1. 
(1.2) PROPOSITION. Using the above notation, s” - 1 is invertible mod pa 
forallu,O<u<p-1. 
Proof. It is sufficient to show that (sU - 1, p) = 1. Suppose then 
s” - 1 = ptc where (c, p) = 1. Since sU - 1 + 1, mod pa, we have t < a. 
However, s”(P-l) = 1 mod pa, and hence 
s”(P-1) = bp” + 1 = (p”c + l)p-1 = 1 + (p - l)ptc + p2%. 
Thus bp” = (p - l)cpt + p2%. Since t < a, we get p 1 bps-t = (p - 1)c + p%. 
Since p +’ (p - l)c, we must have p +‘p% and t = 0. The result follows. 
(1.3) COROLLARY. The (not necessarily primitive) path roots of unity 
different from 1 are permuted by the group <o> generated by (r into orbits of 
size p - 1. 
Proof. Suppose VP” = 1. Then v  = ET for some r. I f  v  is in an orbit of 
size <p-l theno~(v)=vforsomeu,O<u<p-11.Thus~rs”=E7 
and r(sU - 1 ) = 0 modpa. Th us r = 0 and v  = or = 1 as we claimed. 
In particular, (u) permutes the p - 1 primitive pth roots of unity transi- 
tively. I f  F,, _C F,,f we find the cyclic subgroup of G,l according to Proposition 
1.1. If  0’ is a generator then the restriction CT’ 1 F, fixes the roots of unity 
of index prime to p in F,. Now u’ 1 F, has order dividing p - 1, and, since 
its action on the primitive pth roots is transitive, its order is exactly p - 1. 
Thus by uniqueness, u’ 1 F, generates (u). Fix now a particular generator 
ap of G, and in each G,, a generator on of the cyclic subgroup such that 
a,, ( F, = up . Now if F,r 2 F, wd have a,~ 1 F,, = a,, . Given any x E F choose 
n with p 1 n and x E F, . Define u(x) = uJx). By the above remarks u is a 
well defined automorphism of F. 
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2. If  G is a group of order n then the values of any character of G lie in 
F,, CF. Given any character x of G, we may apply the automorphism 0 = CT(~) 
to the values of x to obtain a new class function x0, x0(x) = 0(x(x)). By a 
theorem of Brauer (see [Z], Theorem 41.1) F, , and hence F, is a splitting 
field for G, and thus x is the character of some representation Xover F. Thus 
x” is the character of the representation X0, and hence o permutes the charac- 
ters of G and takes irreducible characters into irreducible ones. We study 
some of the properties of characters fixed by (J. 
Let x be the character of the representation X of G over F. By the roots of 
x(x) we mean the eigenvalues of X(x). Suppose now that x0 = X. Then X 
and X0 are similar representations. Thus for any x E G, X(x) and X0(x) have 
the same eigenvalues and it follows that the action of u permutes the roots 
of x(x). 
I f  xpa = 1 then each eigenvalue is a path root of unity, and hence those 
roots of x(x) different from 1 are permuted into orbits of size p - 1 by 0’. 
Each element of an orbit has the same multiplicity among the roots of X(X) 
as every other. I f  a = 1 there can be at most one orbit and the roots of X(X) 
consist of (say) r l’s and m each of p p2, a.*, pp-l, where p is a primitive pth 
root of unity and where r and m are integers either of which may be 0. 
(2.1) PROPOSITION. Let x be a character of G fixed by a = u(p) and let 
x E G have ordu p. Suppose K Z G, P-Y 1 K 1 and that K centralizes x. Then 
x 1 K = (p - l)O + v, where Deg 0 = m and Deg CJI = Y us above. Further- 
more, ify E K then x(xy) = v(y) - B(y). (If m or r is 0 then 8 or CJJ is identically 
0.) 
Proof. Let X be a representation of G such that the matrix 
X(x) = Diag(p, CL, **a, p, p2, a**, f ,  a*., $+I, **a, p?-‘-l, 1, *a., 1) 
where the multiplicity of pi is m and that of I is r. I f  y  E K then X(y) is a 
matrix commuting with X(x) and thus 
X(Y) = Dk#W, B,(Y), -*p Lo D(Y)), 
where B*(y) is a square m x m matrix and D is Y x 7. Thus 
XIK=~,+~,+~~~+~,-,+~, 
where Bi is the character of the representation Bi of K and q is the character 
of D. We must now show that the ei are equal. We have 
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Now, since p+’ 1 K 1, we know that u ties 6,(y) and y(y). By hypothesis, 
v  fixes x(xy) and thus 
Since u(py = pi*, we have 
$~[&(y) - &(y)]$” = 0 (subscripts modp). 
Since the primitive pth roots of 1 are linearly independent over every field 
F,, where p { n, we conclude that 0&) = 0,$(y) (subscripts mod p). Since 
s has multiplicative order p - 1 mod p, we conclude by repeated application 
of this formula that all Bi(y) are equal. Thus 
Since Cr-12 = -1, we have x(xy) = p(y) - 6(y), and the result follows. 
We now apply the preceding to the situation in which we are especially 
interested. 
(2.2) PROPOSITION. Let G be an extension of an irreducible linear group H 
and suppose that p +’ / H I. Let x be the (faithful) character of G and suppose 
that x isfixed by u = u(p). If x E G has order p, put K = E&x), the centralizer 
ofxinH. ThenifXIK=(p--l)B+cpasabove,wehaveg,-6=&-un 
irreducible character of K. 
Proof. Since p 7 1 H / the previous proposition applies and we do have 
x I K = (P - 1)~9 + v. We must show that F - 19 or 19 - v  is irreducible 
according to t > m or m > Y, respectively. The case r = m will be shown 
to be impossible. 
Put L = (H, x), then x 1 L is irreducible and <x) = P is an S, subgroup of 
L. Since the normalizer %dP) of P in H is disjoint from P, normalizes P 
and is normalized by P we conclude that Q(P) = K. Let w, , ws , a-*, w, 
be a fixed set of coset representatives of K in H. Then Pwl, Pws, *a*, P”t are 
all of the S, subgroups of L and they are all distinct. 
Every p-regular element of L is included in H and thus every element of 
L may be written uniquely as a commuting product of an element of H and an 
element of some S, . Let S be the set 
{.?YlyEKl <a<p-1). 
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Then L - H = ~4~~ S”i. The representation u = (x(ly)*~ is unique, 
since if 
(x”~yp = (xajyj)wj, 
then by the uniqueness of the product (x+)“c = (~aj)~j, and thus 
wiwj-r E $JP) = K. Therefore wi = wj and xa* = x”j and hence ai = aj 
and also yi = yj . We have shown that L - H is the disjoint union of the 
Swi and that all of the xay in S are distinct. 
By Proposition 2.1 applied to xa we conclude that x(xay) = p(y) - B(y). 
We have then 
2 I x(u) I2 = t x I x(u) I2 = (I H III K I) 23 I x@?J) I2 
ueL.-II ues UEK o-l 
= (I H I@ - 1)/l K I) 2 I F(Y) - B(Y) I2 
YEK 
= 1 H I(P - l)[(v - ‘% 6 - e)lK~ 
where [ , lK denotes the inner product of class functions over K. We have 
1 = [x9 XIL = U/IL “2 I x(4 I2 
= (l/Z’ 1 II “u3;,’ X(U) I2 + (1 H I($‘--l)/l L I)[b’-e>> (+)lK 
= (w[X 1 H9 X 1 HiH + ((P - ~)/P)[(P, - e), b - e)iK- 
Since x I H is irreducible, this yields 
i = l/p + ((p - i)/~>[(~ - e>y (P’ - e)iK9 
and therefore [(p) - e), (9’ - e)lK = 1, and QI - 0 is f an irreducible 
character. Note that ~(1) - e(l) # 0. We have proved the proposition. 
3. In this section we prove some results which enable us to find characters 
which are fixed by a. We begin with 
(3.1) LEMMA. If H Q G and x is a character of G which remains irreducible 
when restricted to H then the characters /lx are irreducible and distinct for the 
irreducible characters /3 of G/H. Furthermore, if 0 is an irreducible character 
of G such that x 1 H is a constituent of B I H then B is of the form &y as abwe. 
Proof. Put 9 = x I H. The induced character vG satisfies q’(x) = 0 if 
x 4 H and v,“(x) = dx(x) if x E H where d = [G : K]. Therefore pG = px, 
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where p is the regular character of G/H. But p = Cb& , where the & are 
the irreducible characters of G/H and 6, = Degpi. NOW 
[PX, PXIC = [Y”, VGIC = h FG I aI 
by Frobenius reciprocity (see [I], Th eorem 38.8). Since 91’ 1 H = dp, we have 
[PX, PXIG = lb &lH = +a ~)]a = d. 
However, px = Cb&, and thus 
d = [PX, k/G = [z b&ix, C;~%X]~ = ~&[Bixd%xlG 
ii 
because [Ax, hdc 3 6~ . We have equality throughout, and thus 
Fix, &JG = 6i.j and therefore the ,Q are irreducible and distinct. I f  6 is as 
stated then it is an irreducible constituent of vG = px. Thus 0 = pix for 
some i and we are done. 
(3.2) PROPOSITION. Let H 4 G with p { 1 H 1 and suppose that the commu- 
tator quotient of G/H is a p-group, where p is a prime # 2. Let x be a character 
of G such that x 1 H is irreducible. Then G has an irreducible character 16 
satisfying 
1) a,b is Jixed by u(p) 
2) $Iff=xlH 
3) any element of G which is central mod Ker 4 is also central mod Ker x. 
Proof. I f  x is fixed by (J take # = x and we are done. Otherwise x* # x. 
Sincep~IHI,(~IH)isfixedbyaandthusxIH=~~IHandbythelemma 
f  = x/3 for some character /3 of G/H. Since Deg x = Deg x0, Degp = 1 
and /3 is a character of the commutator quotient of G/H which is a p-group. 
Thus for some a, /3p” = 1 and /3(x) is a path root of 1 for each X. We have 
u(p) = /3” and u(/Y’x) = psxa = ,Qrs+lx. By Proposition 1.2, (s - 1)-r exists 
mod pa. Let r = -(s - 1)-l mod p” and let # = TX. Then 
2p = (/Q/p = p-+1x. 
However rs + 1 = r mod pa by the choice of r and thus 9” = #. Since 
,&I / H = 1, we have + 1 H = x ) H and all that remains is to show (3). 
Suppose then that y  is central mod Ker #. Then all roots of z/(y) are equal. 
The roots of #(y) are simply /V(y) times the roots of x(y) and therefore the 
latter are all equal and the result follows. 
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(3.3) REDUCTION LEMMA. Let HO be any group of order prime to p # 2. 
Let G be of minimal order among all linear groups satisfying (1) G is an extension 
of irreducible linear group H G HO ; and (2) the p-part of the index of the 
center 3(G) of G is > pm. Then [G : H] = p m+l and G has a faithful character 
4 of degree n where # is fixed by u(p) and I/ 1 H is irreducible. 
Proof. Any subgroup of G containing H satisfies (1). Let S be the inverse 
image in G of an S, subgroup of G/H. Since S contains the irreducible 
subgroup H, 3(S) C 3(G) and the p-part of the index of 3(S) in G is >pm. 
Since [G : S] is prime top, the same is true of its index in S. Thus S satisfies 
(2) and by minimality S = G and G /H is a p-group. We may therefore 
apply Proposition 3.2 to G, taking x to be the given faithful character of G. 
We obtain an irreducible character # which is fixed by u with # 1 H = x 1 H, 
and therefore 4 1 H is irreducible. 
To show that # is faithful, let N = Ker 4. We know that the inverse image 
of s(G/N) is central in G and thus G/N satisfies (2). Since t/ 1 H = x 1 H is 
faithful, N n H = 1 and 
H,r H = H/HnNs HNINCGIN, 
and thus G/N satisfies condition (1). By the minimality of G, N = 1 and 
9 is faithful. 
We must now show that [G : H] = pm+l. I f  x E 3(G) satisfies xv = 1, 
then, since all roots of #( x are equal and 4 is fixed by u, all roots are 1. ) 
Therefore x = 1 and p 7 1 3(G)]. S’ mce [G : H] is the full p-part of G, we 
have [G : H] > pm+l. Choose G,, 1 H so that [G, : H] = pm+l. Then GO 
satisfies (1) and Jj(G,,) C 3(G) h as order prime to p. Therefore the p-part of 
its index in G, is pm+1 and G, satisfies (2). Thus G = Go and the result 
follows. 
An important special case of the Reduction Lemma which we shall use is 
when m = 0. In this case condition (2) is equivalent to: An S, subgroup of 
G is not central. 
4. In this section we prove our main result. We begin with 
(4.1) PROPOSITION. Let H be an irreducible linear group of degree n which 
has a normal Abelian q-complement for some prime q. Let p be a prime, 
p#q, p>n/q+l, p+‘nfl.LetGbeanyextensionofH. If pr]H], 
then an S, subgroup of G is central. 
Proof. Suppose the statement is false. Let G be a counterexample of 
minimal order. By Ito’s Theorem, [I], Corollary 53.18, all irreducible 
representations of H have degrees which are powers of q. Since every subgroup 
of H also has a normal Abelian q-complement, the same is true of the irredu- 
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cible representations of all subgroups of H. In particular we conclude that 
n=qk.Sincep#q,ifp=2thennisoddandpIn+1.Thusp#2. 
G satisfies the hypotheses of the Reduction Lemma with m = 0 and H,, = H, 
and thus [G : H] = p and G has a faithful character $, fixed by u(p) with 
Deg # = qk. 
Put K = EH(x), where x is some element of G of order p. By Proposition 
2.2, # I K = (P - l)e + v, and ib - 0) is an irreducible character of 
K c H and thus has a degree which is a power of q. Thus q( 1) - 8( 1) = &@. 
Also 
n = q” = $( 1) = (p - l)e(l) + v,( 1) = pB(1) + v( 1) - e( 1) = pm f  qb. 
Thus pm = qk f $ = Qb(qkwb f l), since qb < qt. Hence 4” 1 m. Since # is 
faithful, m # 0 and thus qb < m. However (p - 1)m < qk and thus 
m < qk/(p - 1). By hypothesis, p - 1 > n/q = qk-l and thus 
q”/@ - 1) < q”/qk-l = q. 
Combining these inequalities, $<q and hence b = 0 and mp = qkf 1 = n& 1. 
Since p f  n f  1, we have our final contradiction. 
Note that the above proposition has the same hypotheses as our theorem 
along with the additional condition that 1 H 1 is prime to p. I f  we delete this 
assumption we can no longer hope to prove that an S, subgroup of G is 
central, only that it is normal and Abelian, since it may happen that an S, of 
H is not even central. Note also that the statement of the proposition will 
follow once the theorem is proved, since if p +’ 1 H 1 then a normal S, of G 
must centralize H thus be central in G. 
Before beginning the proof of the theorem we state some character theoretic 
facts which will be of use to us. 
If  H Q G and x is an irreducible character of G then 
i-l 
where the ‘pi are distinct irreducible characters of H which are conjugate 
under the action of G on the characters of H. The subgroup T of G leaving q+ 
invariant is called the inertia group of p1 . We have [G : T] = t. In the special 
case that [G : H] is a primep, we have u = 1 and thus x 1 H is either irredu- 
cible or else it has exactly p irreducible constituents. (See Proposition 1.2 of 
(41.) From this it follows immediately that if G/H is solvable and if [G : HI 
is prime to Deg x then x 1 H is irreducible. 
We are now ready to procede with the 
Proof of the Theorem. Suppose the statement is false. Let G be a counter- 
example of minimal order. Let x be the character of the given faithful 
representation of G. If  3(H) > an S, subgroup of H, then, by Burnside’s 
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Theorem (see [3], Theorem 14.3.1), H has a normalp-complement H,, which, 
being characteristic in H, is normal in G. Since H/H, is a p-group and p f  n 
(since n = qk by Ito’s Theorem), we conclude that x 1 Ho is irreducible and 
we may apply Proposition 4.1 to G as an extension of Ho. This yields a 
contradiction and thus an S$a of H is not central. Since H has an Abelian 
normal q-complement, we conclude, however, that PO is Abelian and, since 
it is characteristic in H, P,, 4 G. 
Let P be any S, of G. Assume now that P is Abelian. Then M= K,(P& G 
and PC M. Since P,, C 3(M) and PO $ 3(H), x 1 M cannot be irreducible. 
The degrees of the irreducible constituents of x 1 M are all equal and divide 
n = pk. If  this common degree is 
< n/q2 = [(n/q + 1) - 11/q < (P - 1)/q G (P - 1)/Z 
then M is a subdirect product of linear groups each of which has a normal S, 
subgroup by a theorem of Feit and Thompson, [2]. Thus P Q M and 
therefore P 4 G, a contradiction. This shows that each constituent of x 1 M 
has degree n/q. Thus 
where Deg Oi = n/q and ~9~ is irreducible. Since PO C 3(M), fli ) PO = (n/q)& , 
where Xi is a linear character of PO . I f  all Oi are equal then so are all & and P,, 
is central. This contradiction shows that the Bi are distinct. Let T be the 
inertia group of 0, in G. Then [G : T] = q. 
Now HM 4 G. If  HM < G then by the minimality of G, P 4 HM and 
hence P 4 G. This shows that HM = G and thus G/M = HM/M g 
H/M n H. However, M n H contains the full Abelian q-complement of H 
and thus H/M n H is a q-group. Therefore G/M is a q-group and thus TCI G. 
Because T is the inertia group of 6, we conclude that x 1 T reduces and thus 
x ) T = & & , where I,$ I M = Oi . Since & 1 PO = (n/q)& , we conclude 
that PO C 3(T) and thus T C Ci(P,,) = M, and therefore T = M and 
[G : M] = q. Thus [H : H n M] = q, and hence x 1 H n M cannot have 
irreducible constituents of degree < n/q. Therefore Oi 1 H n M is irreducible 
and M is a subdirect product of linear groups, each of which is an extension 
of an irreducible group of degree n/q which has a normal Abelian q-comple- 
ment. Since p > (n/q) + 1, certainly p 7 (n/q) -& 1 and the theorem applies 
to each of these linear groups by the minimal&y of G. Thus each has a normal 
S,, subgroup and thus so does M. Thus P Q G and this contradiction shows 
that the assumption that P is Abelian is not valid. 
We know then that x 1 P has some nonlinear constituent F. Now 
xlPo=a$b, 
i-1 
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where at = n and the pi are distinct linear characters of P,, . Consider v  1 PO . 
Either there at least p distinct constituents, in which case t > p or else all 
constituents are equal and a 2 p. Since n is a power of q, if both a and t 
are > 1 then both are > q and n = at > pq contradicting p > n/q. Since 
t # 1, because PO is not central, we have a = 1 and all constituents of x 1 PO 
are distinct. 
Now let A I P,, be a maximal Abelian subgroup of H with A Q G. 
Suppose A < K C H and K 4 G. By maximality of A, K is non-Abelian 
and x 1 K has irreducible constituents with degrees divisible by q. Since 
K Q KP, the degrees of all the irreducible constituents of x ( KP are also 
divisible by q. Since qp > n, none of these degrees can be divisible by p; 
and since KP/K is a p-group, the irreducible constituents of x ( KP remain 
irreducible when restricted to K and thus their degrees are powers of q. 
I f  x 1 KP is reducible, each constituent has degree < n/q < p, and thus 
KP is a subdirect product of linear groups of degree < p which therefore 
have Abelian S, subgroups. The same is then true for KP and P is Abelian. 
This contradiction shows that x 1 KP is irreducible as is x 1 K. I f  KP < G 
then by the minimality of G, P 4 KP and P is Abelian. This contradiction 
shows that KP = G. Since K n P = PO = H n P and KP = G = HP, 
we conclude that K = H and thus G has no normal subgroups properly 
between A and H. In particular, let L = C&A). L 2 A and, since PO C 3(L), 
we cannot have L = H. Since L 4 G, we conclude that L = A. 
Now H/A is a q-group which has no proper characteristic subgroups, and 
therefore it is Abelian. Let U be the inertia group in H of one of the irreducible 
constituents of x 1 A. Then U 4 H and [H : u] = n. Since x 1 U has a 
linear constituent, all constituents are linear and U is Abelian. Thus U 
centralizes A and hence U = A and [H : A] = n. Since HP = G, G/H 
is a p-group which acts on H/A without centralizing any element and we 
conclude that p 1 [H : A] - 1, i.e. p 1 n - 1. This is our final contradiction 
and the theorem is proved. 
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